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Abstract
In this manuscript, we extend the concept of altering distance, and we introduce a
new notion of (αψ ,βϕ)-contractive mappings. We prove the existence and
uniqueness of a ﬁxed point for such mapping in the context of complete metric
space. The presented theorems of this paper generalize, extend and improve some
remarkable existing results in the literature. We also present several applications and
consequences of our results.
1 Introduction and preliminaries
Fixed point theory is one of the core research areas in nonlinear functional analysis since
it has a broad range of application potential in various ﬁelds such as engineering, eco-
nomics, computer science, and many others. Banach contraction mapping principle [] is
considered to be the initial and fundamental result in this direction. Fixed point theory and
hence the Banach contraction mapping principle have evidently attracted many promi-
nent mathematicians due to their wide application potential. Consequently, the number
of publications in this theory increases rapidly; we refer the reader to [–].
In this paper, by introducing a new notion of (αψ ,βϕ)-contractive mappings, we aim
to establish a more general result to collect/combine a number of existing results in the
literature.
We start by recalling the notion of altering distance function introduced by Khan et al.
[] as follows.
Deﬁnition . A function ψ : [, +∞)→ [, +∞) is called an altering distance function if
the following properties are satisﬁed:
• ψ(t) is continuous and nondecreasing.
• ψ(t) =  if and only if t = .
Now, we present a deﬁnition, which will be useful later.
Deﬁnition . Let X be a set, and letR be a binary relation on X. We say that T : X → X
is anR-preserving mapping if
x, y ∈ X : xRy ⇒ TxRTy.
In the sequel, let N denote the set of all non-negative integers, let R denote the set of all
real numbers.
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Example . Let X =R and a function T : X → X deﬁned as Tx = ex.









 if x≤ y,
 otherwise.
Deﬁne the ﬁrst binary relationR by xRy if and only if α(x, y)≤ , and deﬁne the second
binary relation by xRy if and only if β(x, y)≥ . Then, we easily obtain that T is simulta-
neouslyR-preserving andR-preserving.
Deﬁnition . Let N ∈N. We say thatR is N-transitive on X if
x,x, . . . ,xN+ ∈ X : xiRxi+ for all i ∈ {, , . . . ,N} ⇒ xRxN+.
The following remark is a consequence of the previous deﬁnition.
Remark . Let N ∈N. We have:
(i) IfR is transitive, then it is N-transitive for all N ∈N.
(ii) IfR is N-transitive, then it is kN-transitive for all k ∈N.
Deﬁnition . Let (X,d) be a metric space and R, R two binary relations on X. We
say that (X,d) is (R,R)-regular if for every sequence {xn} in X such that xn → x ∈ X as
n→ +∞, and
xnRxn+, xnRxn+ for all n ∈N,
there exists a subsequence {xn(k)} such that
xn(k)Rx, xn(k)Rx for all k ∈N.
Deﬁnition . We say that a subset D of X is (R,R)-directed if for all x, y ∈ D, there
exists z ∈ X such that
(xRz)∧ (yRz) and (xRz)∧ (yRz).
2 Main results
Before we start the introduction of the concept (αψ ,βϕ)-contractive mappings, we intro-
duce the notion of a pair of generalized altering distance as follows:
Deﬁnition . We say that the pair of functions (ψ ,ϕ) is a pair of generalized altering
distance where ψ ,ϕ : [, +∞)→ [, +∞) if the following hypotheses hold:
(a) ψ is continuous;
(a) ψ is nondecreasing;
(a) limn→∞ ϕ(tn) = ⇒ limn→∞ tn = .
The condition (a) was introduced by Popescu in [] andMoradi and Farajzadeh in [].
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Deﬁnition . Let (X,d) be a metric space, and let T : X → X be a given mapping. We
say that T is (αψ ,βϕ)-contractive mappings if there exists a pair of generalized distance




)≤ α(x, y)ψ(d(x, y)) – β(x, y)ϕ(d(x, y)) for all x, y ∈ X, ()
where α,β : X ×X → [, +∞).
In the sequel, the binary relationsR andR are deﬁned as following.
Deﬁnition . Let X be a set and α,β : X × X → [, +∞) are two mappings. We deﬁne
two binary relationsR andR on X by
x, y ∈ X : xRy ⇐⇒ α(x, y)≤ 
and
x, y ∈ X : xRy ⇐⇒ β(x, y)≥ .
Now we are ready to state our ﬁrst main result.
Theorem . Let (X,d) be a complete metric space, N ∈ N\{}, and let T : X → X be an
(αψ ,βϕ)-contractive mapping satisfying the following conditions:
(i) Ri is N-transitive for i = , ;
(ii) T isRi-preserving for i = , ;
(iii) there exists x ∈ X such that xRiTx for i = , ;
(iv) T is continuous.
Then, T has a ﬁxed point, that is, there exists x∗ ∈ X such that Tx∗ = x∗.
Proof Let x ∈ X such that xRiTx for i = , . Deﬁne the sequence {xn} in X by
xn+ = Txn for all n≥ .
If xn = xn+ for some n ≥ , then x∗ = xn is a ﬁxed point T . Assume that xn = xn+ for all
n≥ . From (ii) and (iii), we have
xRTx ⇒ α(x,Tx) = α(x,x)≤  ⇒ α(Tx,Tx) = α(x,x)≤ .
Similarly, we have
xRTx ⇒ β(x,Tx) = β(x,x)≥  ⇒ β(Tx,Tx) = β(x,x)≥ .
By induction, from (ii) it follows that
α(xn,xn+)≤  for all n≥ , ()
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and, similarly, we have
β(xn,xn+)≥  for all n≥ . ()
























Using the monotone property of the ψ-function, we get
d(xn+,xn+)≤ d(xn,xn+).
It follows that {d(xn,xn+)} is monotone decreasing, and, consequently, there exists r ≥ 
such that
d(xn,xn+)→ r as n→ ∞.
Letting n→ +∞ in (), we obtain






which implies that limn→∞ ϕ(d(xn,xn+)) = , then by (a) we get
d(xn,xn+)→  as n→ ∞. ()
On the other hand, by () and (i), we obtain
α(xm,xm+kN+)≤  for allm,k ≥ . ()
Similarly, by () and (i), we get
β(xm,xm+kN+)≥  for allm,k ≥ . ()
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Using the monotone property of the ψ-function, we get
d(xm+,xm′+)≤ d(xm,xm′ ).
It follows that {d(xm,xm′ )} is monotone decreasing and consequently, there exists s ≥ 
such that
d(xm,xm′ )→ s asm→ ∞.
Letting m→ +∞, we obtain






which implies that limm→+∞ ϕ(d(xm,xm′ )) = , then by (a) we get
d(xm,xm′ )→  asm→ ∞. ()
Next, we claim that {xn} is a Cauchy sequence. Suppose if we obtain a contradiction, that
T is not a Cauchy sequence. Then, there exists ε > , for which we can ﬁnd subsequences
{xm(k)} and {xn(k)} of {xn} with n(k) >m(k) > k such that
d(xm(k),xn(k))≥ ε. ()
Further, corresponding to m(k), we can choose n(k) in such a way that it is the smallest
integer with n(k) >m(k) and satisfying (). Then
d(xm(k),xn(k)–) < ε. ()
Then we have
ε ≤ d(xm(k),xn(k))≤ d(xm(k),xn(k)–) + d(xn(k)–,xn(k)) < ε + d(xn(k)–,xn(k)). ()
Letting k → ∞ and using (),
lim
k→∞
d(xm(k),xn(k)) = ε. ()
Furthermore, for each k ≥ , there exist μk ,ηk >  such that m′(k) := m(k) + Nμk +  =
n(k) + ηk . Hence, by () we have
ε ≤ d(xm(k),xm′(k))≤ d(xm(k),xn(k)–) +
m′(k)–∑
i=n(k)–




Again, letting k → ∞ and using (),
lim
k→∞
d(xm(k),xm′(k)) = ε. ()
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On the other hand, we have
d(xm(k),xm′(k))≤ d(xm(k),xm(k)–) + d(xm(k)–,xm′(k)–) + d(xm′(k)–,xm′(k)),
d(xm(k)–,xm′(k)–)≤ d(xm(k)–,xm(k)) + d(xm(k),xm′(k)) + d(xm′(k),xm′(k)–).
Letting k → ∞ in the above inequalities, using (), () and (), we obtain
lim
k→∞
d(xm(k)–,xm′(k)–) = ε. ()





































Letting k → ∞, using (), () and the continuity of ψ and ϕ, we obtain







which implies by (a) that ε = , a contradiction with ε > . Hence, our claim holds, that is,
{xn} is a Cauchy sequence. Since (X,d) is a complete metric space, then there exists x∗ ∈ X
such that
xn → x∗ as n→ ∞.
From the continuity of T , it follows that xn+ = Txn → Tx∗ as n→ ∞. Due to the unique-
ness of the limit, we derive that Tx∗ = x∗, that is, x∗ is a ﬁxed point of T . 
Theorem . In Theorem ., if we replace the continuity of T by the (R,R)-regularity
of (X,d), then the conclusion of Theorem . holds.
Proof Following the lines of the proof of Theorem ., we get that {xn} is a Cauchy se-
quence. Since (X,d) is a complete metric space, then there exists x∗ ∈ X such that xn → x∗
as n→ ∞. Furthermore, the sequence {xn} satisﬁes () and (), that is,
xnRxn+, xnRxn+ for all n ∈N.
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Now, since (X,d) is (R,R)-regular, then there exists a subsequence {xn(k)} of {xn} such
that xn(k)Rx∗, that is, α(xn(k),x∗) ≤  and xn(k)Rx∗, that is, β(xn(k),x∗) ≥  for all k. By















































Letting k → ∞ in the above inequality, we get d(x∗,Tx∗) = , that is, x∗ = Tx∗. 
Theorem . Adding to the hypotheses of Theorem . (respectively, Theorem .) that X
is (R,R)-directed, we obtain uniqueness of the ﬁxed point of T .
Proof Suppose that x∗ and y∗ are two ﬁxed points of T . Since X is (R,R)-directed, there









)≥ , β(y∗, z)≥ . ()









)≥ , β(y∗,Tnz)≥ , ∀n≥ . ()















≤ α(x∗,Tnz)ψ(d(x∗,Tnz)) – β(x∗,Tnz)ϕ(d(x∗,Tnz))







))≤ ψ(d(x∗,Tnz)) – ϕ(d(x∗,Tnz)), ∀n≥ . ()
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)≤ d(x∗,Tnz), ∀n≥ .





)→ r as n→ ∞.
Letting n→ +∞ in (), we obtain

















)→  as n→ ∞. ()
Using () and (), the uniqueness of the limit gives us x∗ = y∗. 
3 Some corollaries
In this section, we derive new results from the previous theorems.
3.1 Coupled ﬁxed point results in complete metric spaces
Let us recall the deﬁnition of a coupled ﬁxed point introduced by Guo and Lakshmikan-
tham in [].
Deﬁnition . (Guo and Lakshmikantham []) Let F : X × X → X be a given mapping.
We say that (x, y) ∈ X ×X is a coupled ﬁxed point of F if
F(x, y) = x and F(y,x) = y.
Lemma . A pair (x, y) is a coupled ﬁxed point of F if and only if (x, y) is a ﬁxed point of





for all (x, y) ∈ X ×X. ()
Deﬁnition . Let (X,d) be a metric space and F : X × X → X be a given mapping. We
say that F is an (αψ ,βϕ)-contractivemappings if there exists a pair of generalized distance






)) ≤ α((x, y), (u, v))ψ(max{d(x,u),d(y, v)})
– β
(









where α,β : X ×X → [, +∞).
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In this section, we deﬁne two binary relations S and S as follows.
Deﬁnition . Let X be a set, and let S, S be two binary relations on X ×X deﬁned by
(x, y), (u, v) ∈ X ×X : (x, y)S(u, v) ⇐⇒ α
(
(x, y), (u, v)
)≤ 
and
(x, y), (u, v) ∈ X ×X : (x, y)S(u, v) ⇐⇒ β
(
(x, y), (u, v)
)≥ .
Deﬁnition . Let (X,d) be a metric space. We say that (X ×X,d) is (S,S)-biregular if
for all sequences {xn, yn} in X ×X such that xn → x ∈ X, yn → y ∈ X as n→ +∞, and
(xn, yn)Si(xn+, yn+), (yn+,xn+)Si(yn,xn) for i = ,  and for all n ∈N,
there exists a subsequence {xn(k), yn(k)} such that
(xn(k), yn(k))Si(x, y), (y,x)Si(yn(k),xn(k)) for i = ,  and for all k ∈N.
Deﬁnition . We say that X×X is (S,S)-bidirected if for all (x, y), (u, v) ∈ X×X, there










for i = , .
We have the following result.
Corollary . Let (X,d) be a complete metric space and F : X × X → X be an (αψ ,βϕ)-
contractive mapping satisfying the following conditions:
(i) Si is N-transitive for i = ,  (N > );
(ii) For all (x, y), (u, v) ∈ X ×X , we have







for i = , ;








)Si(y,x) for i = , ;
(iv) F is continuous, or (X ×X,d) is (S,S)-biregular.
Then, F has a coupled ﬁxed point (x∗, y∗) ∈ X×X.Moreover, if X×X is (S,S)-bidirected,
then we have the uniqueness of the coupled ﬁxed point.
Proof By Lemma ., a pair (x, y) is a coupled ﬁxed point of F if and only if (x, y) is a ﬁxed
point of T . Now, consider the complete metric space (Y , δ), where Y = X ×X and
δ
(






for all (x, y), (u, v) ∈ X ×X.
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)) ≤ α((x, y), (u, v))ψ(δ((x,u), (y, v)))
– β
(



























Since ψ : [,∞) → [, +∞) is nondecreasing, then ψ(max(r, s)) = max(ψ(r),ψ(s)) for all




)≤ a(ξ ,η)ψ(δ(ξ ,η)) – b(ξ ,η)ϕ(δ(ξ ,η)),































and T : Y → Y is given by (). We shall prove that T is (aψ ,bϕ)-contractive mapping.
Deﬁne two binary relationsR andR by
ξRη ⇐⇒ a(ξ ,η)≤  and ξRη ⇐⇒ b(ξ ,η)≥  for all ξ ,η ∈ X ×X.
First, we claim thatRj for j = ,  are N-transitive. Let (xi, yi) ∈ X ×X for all i ∈ {, . . . ,N}
such that




(xi, yi), (xi+, yi+)
)≤  and b((xi, yi), (xi+, yi+)
)≥  for all i ∈ {, . . . ,N}.
By deﬁnitions of a and b, it follows that
α
(
(xi, yi), (xi+, yi+)
)≤  and α((yi+,xi+), (yi,xi)
)≤  for all i ∈ {, . . . ,N},
β
(
(xi, yi), (xi+, yi+)
)≥  and β((yi+,xi+), (yi,xi)
)≥  for all i ∈ {, . . . ,N}
or
(xi, yi)Sj(xi+, yi+) and (xi+, yi+)Sj(xi, yi) for j = ,  and for all i ∈ {, . . . ,N}.
Hence, by (i), we have
(x, y)Sj(xN+, yN+) and (xN+, yN+)Sj(x, y) for j = , ,





(x, y), (xN+, yN+)




(x, y), (xN+, yN+)
)≥ ; β((yN+,xN+), (y,x)
)≥ 
or
(x, y)Rj(xN+, yN+) for j = , .
Then our claim holds.
Let ξ = (ξ, ξ),η = (η,η) ∈ Y such that a(ξ ,η)≤  and b(ξ ,η)≥ . Using condition (ii),
we obtain immediately that a(Tξ ,Tη) ≤  and b(Tξ ,Tη) ≥ . Then T is Rj-preserving
for j = , . Moreover, from condition (iii), we know that there exists (x, y) ∈ Y such that
(x, y)RjT(x, y) for j = , . If F is continuous, thenT also is continuous. Then all the hy-
potheses of Theorem . are satisﬁed. If (X×X,d) is (S,S)-biregular, then we easily have
that (X × X,d) is (R,R)-regular. Hence, Theorem . yields the result. We deduce the
existence of a ﬁxed point of T that gives us from () the existence of a coupled ﬁxed point
of F . Now, since X ×X is (S,S)-bidirected, one can easily derive that X ×X is (R,R)-
directed by regarding Lemma . and Deﬁnition .. Finally, by using Theorem ., we
obtain the uniqueness of the ﬁxed point of T , that is, the uniqueness of the coupled ﬁxed
point of F . 
3.2 Fixed point results on metric spaces endowed with N-transitive binary
relation
In [], Samet andTurinci established ﬁxed point results for contractivemappings onmet-
ric spaces, endowed with an amorphous arbitrary binary relation. Very recently, this work
has been extended by Berzig in [] to study the coincidence and common ﬁxed points.
In this section, we establish a ﬁxed point theorem on metric space endowed with
N-transitive binary relation S .
Corollary . Let X be a non-empty set endowed with a binary relation S . Suppose that
there is a metric d on X such that (X,d) is complete. Let T : X → X satisfy the S-weakly




)≤ ψ(d(x, y)) – ϕ(d(x, y)) for all xSy,
where ψ and ϕ are altering distance functions. Suppose also that the following conditions
hold:
(i) S is N-transitive (N > );
(ii) T is a S-preserving mapping;
(iii) there exists x ∈ X such that xSTx;
(iv) T is continuous or (X,d) is S-regular.
Then T has a ﬁxed point.Moreover, if X is S-directed, we have the uniqueness of the ﬁxed
point.
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Next, by using (), () and Deﬁnition ., the conclusion follows directly from Theo-
rems ., . and .. 
3.3 Fixed point results for cyclic contractive mappings
In [], Kirk et al. have generalized the Banach contraction principle. They obtained a new
ﬁxed point results for cyclic contractive mappings.
Theorem . (Kirk et al. []) For i ∈ {, . . . ,N}, let Ai be a nonempty closed subsets of
a complete metric space (X,d), and let T : X → X be a given mapping. Suppose that the
following conditions hold:
(i) T(Ai)⊆ Ai+ for all i ∈ {, . . . ,N} with AN+ := A;
(ii) there exists k ∈ (, ) such that
d(Tx,Ty)≤ kd(x, y).
Then T has a unique ﬁxed point in
⋂N
i=Ai.
Let us deﬁne the binary relationsR andR.
Deﬁnition . Let X be a nonempty set and let Ai, i ∈ {, . . . ,N} be nonempty closed
subsets of X. We deﬁne two binary relationsRk for k = ,  by




(Ai ×Ai+) with AN+ := A.
Now, based on Theorem ., we will derive a more general result for cyclic mappings.
Corollary . For i ∈ {, . . . ,N}, let Ai be nonempty closed subsets of a complete metric
space (X,d), and let T : X → X be a given mapping. Suppose that the following conditions
hold:
(i) T(Ai)⊆ Ai+ for all i ∈ {, . . . ,N} with AN+ := A;




)≤ ψ(d(x, y))–ϕ(d(x, y)) for all (x, y) ∈ Ai×Ai+ for all i ∈ {, . . . ,N}.
Then T has a unique ﬁxed point in
⋂N
i=Ai.
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Proof Let Y :=
⋃N
i=Ai. For all i ∈ {, . . . ,N}, we have by assumption that each Ai is
nonempty closed subset of the complete metric space X, which implies that (Y ,d) is com-
plete.




 if (x, y) ∈ 









 if (x, y) ∈ 
 or x = y,
ψ(d(x,y))
ϕ(d(x,y))+ψ(d(x,y)) otherwise.
Hence, Deﬁnition . is equivalent to Deﬁnition ..
We start by checking thatR andR are N-transitive. Indeed, let x, . . . ,xN+ ∈ Y such
that xkRxk+ and xkRxk+ for all k ∈ {, . . . ,N}, that is, α(xk ,xk+)≤  and β(xk ,xk+)≥ 
for all k ∈ {, . . . ,N} such that
x ∈ Ai,x ∈ Ai+, . . . ,xk ∈ Ai+k , . . . ,xN+ ∈ Ai+N+ = Ai+,
which implies that (x,xN+) ∈ Ai × Ai+ ⊆ Y . Hence, we obtain α(x,xN+) ≤  and
β(x,xN+) ≥ , that is, xRxN+ and xRxN+, which implies that R and R are
N-transitive.




)≤ α(x, y)ψ(d(x, y)) – β(x, y)ϕ(d(x, y))
for all x, y ∈ Y . Thus, T is (αψ ,βϕ)-contractive mapping.
We claim next that T isR-preserving andR-preserving. Indeed, let x, y ∈ Y such that
xRy and xRy, that is, α(x, y) ≤  and β(x, y) ≥ ; hence, there exists i ∈ {, . . . ,N} such
that x ∈ Ai, y ∈ Ai+. Thus, (Tx,Ty) ∈ Ai+ ×Ai+ ⊆ 
, then α(Tx,Ty)≤  and β(Tx,Ty)≥ ,
that is, TxRTy and TxRTy. Hence, our claim holds.
Also, from (i), for any x ∈ Ai for all i ∈ {, . . . ,N}, we have (x,Tx) ∈ Ai × Ai+, which
implies that α(x,Tx)≤  and β(x,Tx)≥ , that is, xRTx and xRTx.
Now, we claim that Y is (R,R)-regular. Let {xn} be a sequence in Y such that xn →
x ∈ Y as n→ ∞, and
xnRxn+, xnRxn+ for all n,
that is,
α(xn,xn+)≤ , β(xn,xn+)≥  for all n.
It follows that there exist i, j ∈ {, . . . ,N} such that
xn ∈ Ai+n for all n ∈N and x ∈ Aj,
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so
x(j–i–+N)+kN ∈ Aj–+(k+)N = Aj– for all k ∈N.
By letting
n(k) := (j – i –  +N) + kN for all k ∈N,
we conclude that the subsequence {xn(k)} satisﬁes
(xn(k),x) ∈ Aj– ×Aj ⊆ 
 for all k ∈N,
hence α(xn(k),x)≤  and β(xn(k),x)≥  for all k, that is, xn(k)Rx and xn(k)Rx, which proves
our claim.
Hence, all the hypotheses of Theorem . are satisﬁed on (Y ,d), and we deduce that T
has a ﬁxed point x∗ in Y . Since x∗ ∈ Ai for some i ∈ {, . . . ,N} and x∗ = Tx∗ ∈ Ai+ for all
i ∈ {, . . . ,N}, then x∗ ∈⋂Ni=Ai.
Moreover, it is easy to check that X is (R,R)-directed. Indeed, let x, y ∈ Y with x ∈ Ai,
y ∈ Aj, i, j ∈ {, . . . ,N}. For z = x∗ ∈ Y , we have ((α(x, z) ≤ )∧ (α(y, z) ≤ )) and ((β(x, z) ≥
)∧ (β(y, z)≥ )). Thus, X is (R,R)-directed.
Finally, the uniqueness follows by Theorem .. 
4 Related ﬁxed point theorems
In this section, we show that many existing results in the literature can be deduced from
our results.
4.1 Classical ﬁxed point results
Corollary . (Dutta and Choudhury []) Let (X,d) be a complete metric space, and let




)≤ ψ(d(x, y)) – ϕ(d(x, y)) for all x, y ∈ X,
where ψ and ϕ are altering distance functions. Then T has a unique ﬁxed point.
Proof Let α,β : X × X → [, +∞) be the mapping deﬁned by α(x, y) = β(x, y) =  for all
x, y ∈ X. Then T is (αψ ,βϕ)-contractive mappings. It is easy to show that all the hypothe-
ses of Theorems . and . are satisﬁed. Consequently, T has a unique ﬁxed point. 
Corollary . (Rhoades []) Let (X,d) be a complete metric space, and let T : X → X be
a self-mapping satisfying the inequality
d(Tx,Ty)≤ d(x, y) – ϕ(d(x, y)) for all x, y ∈ X,
where ϕ is an altering distance functions. Then T has a unique ﬁxed point.
Proof Following the lines of the proof of Corollary ., by taking ψ(t) = t, we get the de-
sired result. 
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4.2 Fixed point results in partially ordered metric spaces
We start by deﬁning the binary relationsRi for i = ,  and the concept of ≤-directed.
Deﬁnition . Let (X,≤) be a partially ordered set.
. We deﬁne two binary relationsR andR on X by
x, y ∈ X : xRiy ⇐⇒ x≤ y for i = , .
. We say that X is ≤-directed if for all x, y ∈ X there exists a z ∈ X such that x≤ z and
y≤ z.
Corollary . (Harjani and Sadarangani []) Let (X,≤) be a partially ordered set and d be





)≤ ψ(d(x, y)) – ϕ(d(x, y)) for all x≤ y,
where ψ and ϕ are altering distance functions. Suppose also that the following conditions
hold:
(i) T is a nondecreasing mapping;
(ii) there exists x ∈ X with x ≤ Tx;
If either:
(iii) T is continuous or,
(iii′) for every sequence {xn} in X such that xn → x ∈ X , and {xn} is a nondecreasing se-
quence, there exists a subsequence {xn(k)} such that xn(k) ≤ x for all k ≥ .
Then T has a ﬁxed point.Moreover, if X is ≤-directed, we have the uniqueness of the ﬁxed
point.
Proof Using Deﬁnition ., we can deﬁne the binary relationsR andR by themappings













 if x≤ y,
ψ(d(x,y))
ϕ(d(x,y))+ψ(d(x,y)) if x y.
In case x  y, the functions α and β are well deﬁned, because the altering functions
ϕ(d(x, y)) and ψ(d(x, y)) are null only, and only if d(x, y) = , that is, x = y which is not
the case.
We can verify easily thatR andR are -transitive.
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)≤ α(x, y)ψ(d(x, y)) – β(x, y)ϕ(d(x, y)),

















hence, our claim holds.
Moreover, from the monotone property of T , we get
x, y ∈ X, xRy ⇒ α(x, y)≤  ⇒ x≤ y ⇒ Tx≤ Ty
⇒ α(Tx,Ty)≤  ⇒ TxRTy,
and similarly, we have
x, y ∈ X, xRy ⇒ β(x, y)≥  ⇒ x≤ y ⇒ Tx≤ Ty
⇒ β(Tx,Ty)≥  ⇒ TxRTy.
Thus T isRi-preserving for i = , . Now, if condition (iii) is satisﬁed, that is, T is continu-
ous, the existence of a ﬁxed point follows fromTheorem .. Suppose now, that the condi-
tion (iii′) is satisﬁed, and let {xn} be a nondecreasing sequence in X, that is, α(xn,xn+)≤ 
and β(xn,xn+) ≥  for all n. Suppose also that xn → x ∈ X as n → ∞. From (iii′), there
exists a subsequence {xn(k)} such that xn(k) ≤ x for all k. This implies from the deﬁnition
of α and β that α(xn(k),x)≤  and β(xn(k),x)≥  for all k, which implies xn(k)Rix for i = , 
and for all k. In this case, the existence of a ﬁxed point follows from Theorem ..
To show the uniqueness, suppose that X is ≤-directed, that is, for all x, y ∈ X there ex-
ists a z ∈ X such that x ≤ z and y ≤ z, which implies from the deﬁnition of α and β that
(α(x, z)≤ )∧ (α(y, z)≤ ) and (β(x, z)≥ )∧ (β(y, z)≥ ). Hence, Theorem . gives us the
uniqueness of this ﬁxed point. 
4.3 Coupled ﬁxed point theorems
Next, in order to prove a coupled ﬁxed point results in partially ordered set, we need to
deﬁne an order relation on the set X ×X.
Let (X,≤) be a partially ordered set endowed with a metric d, and let F : X ×X → X be
a given mapping. We endow the product set X ×X with the partial order:
(x, y), (u, v) ∈ X ×X, (x, y) (u, v) ⇐⇒ x≤ u, y≥ v.
Deﬁnition . Let X be a set and binary relations Sk for k = ,  on X ×X deﬁned by
(x, y), (u, v) ∈ X ×X : (x, y)Sk(u, v) ⇐⇒ (x, y) (u, v).
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Corollary . (Harjani et al. []) Let (X,d) be a partially ordered set and suppose that
there exists a metric d in X such that (X,d) is a complete metric space. Suppose that the




)≤ ψ(max{d(x,u),d(y, v)}) – ϕ(max{d(x,u),d(y, v)})
for all (x, y) (u, v),
where ψ and ϕ are altering distance functions. Suppose also that the following conditions
hold:
(i) F is a mixed monotone mapping;
(ii) there exists x, y ∈ X with (x, y) (Fx,Fy);
(iii) F is continuous or (X ×X,d) is (S,S)-biregular.
Then F has a coupled ﬁxed point (x∗, y∗) ∈ X×X.Moreover, if X×X is (S,S)-bidirected,
we have the uniqueness of the ﬁxed point.
Proof The conclusions then follows directly from Corollary .. 
4.4 Fixed point results for cyclic contractive mappings
In this section, we will derive from our results the ﬁxed point theorem of Karapınar and
Sadarangani [] for cyclic weak (ϕ –ψ)-contractive mappings.
Deﬁnition . (Păcurar and Rus []) Let X be a nonempty set, m a positive integer and
T : X → X an operator. By deﬁnition, X =⋃mi=Xi is a cyclic representation of X with re-
spect to T if
. Xi, i = , . . . ,m are nonempty sets;
. T(X)⊂ X, . . . ,T(Xm–)⊂ Xm, T(Xm)⊂ X.
Deﬁnition . (Karapınar and Sadarangani []) Let (X,d) be a metric space, let m be a
positive integer, let A,A, . . . ,Am be closed non-empty subsets of X, and let Y :=
⋃m
i=Ai.
An operator T : Y → Y is called a cyclic weak (ϕ –ψ)-contraction if
.
⋃m
i=Ai is a cyclic representation of Y with respect to T , and




)≤ ψ(d(x, y)) – ϕ(d(x, y)) ()
for any x ∈ Ai, y ∈ Ai+, where Am+ := A.
Corollary . (Karapınar and Sadarangani []) Let (X,d) be a complete metric space,
let m be a positive integer, let A,A, . . . ,Am be closed non-empty subsets of X and let Y =⋃m
i=Ai. Suppose that ϕ : [,∞)→ [,∞) is an altering distance function, and T is a cyclic
weak ϕ-contraction, where Y =
⋃m
i=Ai is a cyclic representation of Y with respect to T .
Then, T has a unique ﬁxed point z ∈⋂mi=Ai.
Proof The proof follows immediately from Corollary .. 
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